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ABSTRACT

The existence of dark compacton solution of discrete nonlinear Schrödinger
(DNLS) equation with strong nonlinearity management (SNLM) is inves-
tigated. The stability analysis was carry out using standard linearization
stability procedure.Even though the stability regime is not so wide but
evidently some stable dark compactons can exist in the SNLM DNLS
system. Surprisingly, even within the confirmed stability regime from
the analysis, the time evolution of the dark compacton solution exhibits
small bounded ripples.
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1. Introduction

The study of discrete nonlinear Schrödinger equation (DNSL) perhaps was
first triggered by experimental investigations in the area of nonlinear optics,
particularly in fabricated AlGaAs waveguide arrays reported by Eisenberg et al.
(1998) then the mathematical model was presented later in Eisenberg et al.
(2000). Subsequently, the work of Morandotti et al. (2001) on the anomalous
diffraction regime of AlGaAs waveguide arrays associated with Kerr-type cu-
bic nonlinearity, has found the formation of fundamental dark soliton discrete
excitations. As the DNSL is concerned, this has been known as the effect of
defocusing nonlinearity. Other physical areas can be described by DNSL are
Bose-Einstein condensates (BECs) and optically induced lattice (Kevrekidis,
2009).

Generation of solitons with new type of properties by periodic management
of parameters of nonlinear systems has recently become attention due to its
effectiveness (Malomed, 2007). The existence of discrete breathers in nonlin-
ear lattice, in the presence nonlinear dispersion supports what is known as
compactons, a nonlinear excitation without any tails (Rosenau, 1994). Even
though compactons under strong nonlinearity management has been discussed
in Abdullaev et al. (2010), it covers only bright compactons, so the question
whether stable dark compactons can exist in the NLSM DNLS system, is open.
This paper tends to investigate the dark compacton case. First, the derivation
of averaged DNLSE is briefly restated. Secondly, we analyse the conditions of
the existence of dark compactons and finally we investigate the linearization
stability of the solution.

2. The Mathematical Model

Consider the following lattice Hamiltonian:

H = −
∑
n

{
κ
(
un+1u

∗
n + u∗n+1un

)
+

1

2
[γ0 + γ (t)] |un|4

}
, (1)

and it’s associated dynamical system

iu̇n + κ (un+1 + un−1)

+ [γ0 + γ (t)] |un|2 un = 0, (2)

with the coupling constant κ quantifying the tunneling between adjacent sites,
γ0 denoting the on-site constant nonlinearity, and γ (t) representing the time
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dependent modulation. It is assumed then a strong management case with
γ (t) being a periodic i.e. γ (t) = γ (t+ T ) , and rapidly varying function. A
prototypical example is γ (t) = γ1

ε cos (Ωτ); with γ1 ∼ O (1) , ε� 1 and τ = t/ε
denoting the fast time variable and T = 2π/Ω the period. The original system
Eq.(2) can be averaged with respect to the fast time τ to yield the averaged
system as follows (Abdullaev et al., 2010),

iu̇n = −ακun
[(
un+1u

∗
n + u∗n+1un

)
J1 (αθ+)

+
(
un−1u

∗
n + u∗n−1un

)
J1 (αθ−)

]
−κ [un+1J0 (αθ+) + un−1J0 (αθ−)]

−γ0 |un|2 un, (3)

where α = γ1/Ω, Ji is Bessel function of order i = 0, 1 and θ± = |un±1|2−|un|2.

3. Dark Compacton Modes and The Stability
Analysis

The above model Eq.(3) was investigated in Abdullaev et al. (2010) for only
bright compactons so the question whether compacton solutions of the NLSM
DNLS system can exist on finite nonzero backgrounds is open. For stationary
solutions by setting un = An exp(−iµt), and substitute into Eq.(3) one obtains
the following equation for the real amplitudes An

µAn = −2καA2
n [An+1J1(αφ+) +An−1J1(αφ−)]

−κ [An+1J0(αφ+) +An−1J0(αφ−)]− γ0A3
n, (4)

with φ± = |An±1|2 − |An|2. Dark modes are possible only for repulsive inter-
actions so that in the above equation γ0 < 0. A dark single site compacton
located at the n0 = 0 site is assumed by letting An = b if n = n0 and An = a
for other location of n. It follows that by fixing the chemical potential as

µ = a2γ0 − 2κ. (5)

one can satisfy Eq. (4) for all sites except for n0 ± 1 and n0 for which the
following equations

2aκJ0(ξ) + b[(a2 − b2)γ0 − 2κ+ 4abκαJ1(ξ)] = 0,

bJ0(ξ)− a(1 + 2abαJ1(ξ)) = 0, (6)

where ξ = α
(
a2 − b2

)
. This can be solved numerically to obtain {a, b} which

describes the background and the amplitude, however we observed only very
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small set of nontrivial solutions exist, which indicates small degree of robustness
in the system with respect to stable dark compactons. In fact, one can directly
check that there is no solution for b = 0. Fig.(1) top panel left shows a typical
solution of Eq.(4) at κ = 1, based on the amplitude from Eq.(6).
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Figure 1: Top panels show the amplitude profile and eigenfrequency spectrum of one site bright-
dark compactons for case κ = 1, γ0 = −1 and α = 1. Bottom panels show eigenfrequency spectrum
for case κ = 0.5 and the numerical linear stability analysis as function of κ

Numerical stability analysis was carried out by linearizing using the ansatz:

un = exp(−iµt) (An + ε (an exp (−iωt) + bn exp (iω∗t))) ,

where the ω’s denote the linearization eigenfrequencies and ε� 1. Substituting
the ansatz into Eq.(3) obtain the relevant (linearization) eigenvalue problem at
O (ε) as follows

ω

(
ak
b∗k

)
=


∂Fi
∂uj

∂Fi
∂u∗j

∂F ∗
i

∂uj

∂F ∗
i

∂u∗j

( ak
b∗k

)

where

Fi = µAi + γ0A
2
iA

∗
i

+ κ [Ai+1J0 (φ+) +Ai−1J0 (φ−)]

+ ακAi
[(
Ai+1A

∗
i +A∗

i+1Ai
)
J1 (φ+)

+
(
Ai−1A

∗
i +A∗

i−1Ai
)
J1 (φ−)

]
.

The linearization stability analysis for case γ0 = −1 and α = 1 is depicted
in right bottom panel of Fig.(1)), showing that the solutions should be stable
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Figure 2: Space-time evolution of one site dark compacton solution for case as in top panels Fig.1.
Top panels show the square modulus of the solution, the left side from system Eq.(3) and the right
side from Eq.(2), while bottom panels show their respective deviation from the exact solution.

when κ > 0.65. For examples, Fig.(1) also shows the eigenfrequencies spectrum
when κ = 0.5, 1.0. The existence of imaginary eigenfrequencies ωi indicates
instability for that particular case. In this case, even though the stability
regime is not so wide but evidently stable dark compactons exist in the NLSM
DNLS system. Furthermore, time evolutions of the dark solution from the
original system and the averaged system (see Fig.(2)) are in agreement with
the stability analysis. The solution for the original system however develops
small bounded ripples in it’s dynamics.

4. Conclusion

In this paper we have shown the existence of dark compacton under strong
nonlinearity management. Despite of not being as robust as for the bright
compacton case (Abdullaev et al., 2010), the strong nonlinear management of
the DNLS system does provide some stable dark compacton solutions, at least
from the simple ansatz, with real amplitudes we have assumed. Even though
the time evolution of dark compacton develops small ripple in its dynamics,
but it stays bounded thus still in agreement with the linearization stability
analysis.
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